Introduction
Our aim in this paper is to prove that a smooth geometrically irreducible curve C of genus 4 over the finite field F 8 may have at most 25 F 8 -points. Our strategy is as follows: if C has more than 18 F 8 -points, then C may not be hyperelliptic, and so the canonical divisor of C yields an embedding of C into P 3 F 8 . The image of C under this embedding is a degree 6 curve which is precisely the intersection of an irreducible cubic hypersurface with an irreducible quadric hypersurface, both defined over F 8 . (This is Example IV.5.2.2 in [Har] . Hartshorne works over an algebraically closed field, but his argument is equally valid over the smaller field. See, for example, Theorem III.5.1 in [Har] and Theorem A.4.2.1 in [HS] for the necessary tools.) Consequently, finding the maximum possible number of points on a curve of genus 4 over F 8 is reduced to a finite task: one can write down all cubic hypersurfaces and all quadric hypersurfaces in P 3 , and count the number of points on their intersection. As a practical matter, however, one must make significant reductions before this program becomes computationally feasible. For example, the space of homogeneous cubics in four variables is already 6 3 − 1 = 19-dimensional. We begin in section 2 by noting that up to isomorphism there are only three irreducible quadric surfaces in P 3 F 8 which contain many F 8 -points. Therefore we may select representatives of the isomorphism classes and assume that our curve C lies on one of these three specific quadrics. Next, we recall (see [Lau1] and [GV] ) that it is known that any curve of genus 4 over F 8 has no more than 27 points, and that such curves with 25 points exist. Moreover, using the techniques of [Lau2] , K. Lauter demonstrates in an appendix to this paper that such curves with 26 points do not exist. We may therefore suppose that the curve C for which we are searching has exactly 27 points. In section 3, we employ the following strategy to reduce the problem further. If Q is one of our three quadrics, then the subgroup Fix(Q) of PGL 4 (F 8 ) preserving Q is large. If P is a cubic surface and if σ ∈ Fix(Q), then P ∩ Q and σ(P ) ∩ Q = σ(P ∩ Q) have the same number of points. If the intersection P ∩ Q is a geometrically irreducible curve of degree 6, then by Bézout's theorem the intersection may contain at most three points of any line. We study the action of Fix(Q) on the points of Q to show that if S ⊂ Q is a subset with 27 points, no four of which are colinear, then we may find σ ∈ Fix(Q) such that σ(S) contains a particular list of points of Q (or one of several lists of points of Q).
The problem is therefore reduced to studying cubics P which contain particular points of Q, cutting down significantly on the dimension of the space of cubics under consideration. Depending on the cubic, we are able to eliminate between 5 and 7 dimensions in this fashion. The space is cut down further by 4 dimensions by noting that we may subtract appropriate multiples of our quadric Q. Thus we have reduced a 19-dimensional search space over F 8 to a search space over F 8 of no greater than 10 dimensions, which is easily tractable for a computer.
Finally, we note that this search will a priori turn up many cubics and quadrics whose intersection contains 27 points. This is because we will find many reducible (or at least geometrically reducible) intersections. These "bad" curves are relatively straightforward to identify and discard. In section 5, we give a precise list of the ways in which bad curves with 27 points can occur.
Acknowledgements
The author is grateful to J-P. Serre for his comments and corrections, and in particular for the suggestion that section 5 be included. We also thank Jason Starr for several helpful conversations, William Stein for the use of his computer, and the anonymous referee for his or her comments. Computations were performed partly by C programs, and partly using the MAGMA package. This problem came to the author's attention at the 2000 Arizona Winter School on Arithmetic Algebraic Geometry, and the author thanks the organizers of this conference for their hard work and hospitality.
Quadric surfaces in
Let C be a non-hyperelliptic curve of genus 4 over F 8 . As we have noted, we may suppose that C is canonically embedded into P 3 F 8 as the intersection of an irreducible quadric hypersurface Q with an irreducible cubic hypersurface P . It is a classical result that over a finite field F, there are exactly three reduced and geometrically irreducible quadric surfaces in P 3 F up to F-isomorphism: the split nonsingular quadric (isomorphic to P 1 F × P 1 F ), the nonsplit nonsingular quadric (the quadratic twist of P 1 F × P 1 F ), and the singular quadric. We give an argument, essentially found on p. 206 of [ACGH] , explaining for each C into which of the above categories the quadric Q falls. Note that any linear system of degree 3 and dimension at least 1 on C defines a ruling of Q. Indeed, if D is a divisor in such a linear system, then by the geometric version of the RiemannRoch theorem, the linear span in P 3 of the support of D is a line. By Bézout's theorem, this line is contained in Q.
To make our classification of quadrics concrete, we first recall the following result from [Arf] : Proposition 2.1. Let F be a field of characteristic 2. Then any quadratic form in n variables over F is equivalent to one of the form
This is by no means a classification: two distinct quadratic forms written as above may still be isomorphic. For example, when the field F is perfect evidently we may take d = 0 or 1 and c 1 = 1. Similarly we may suppose each a j = 1.
When the field F = F 2 n with n odd, one can check with little difficulty that the form x 2 + xy + by 2 is equivalent either to the form xy or to x 2 + xy + y 2 , depending on whether or not the form nontrivially represents 0 over F. Combining this with the identity
and the fact that (
is identically equal to
we obtain the following version of Proposition 2.1.
Proposition 2.2. Let F 2 n be the finite field with 2 n elements with n an odd integer. Then any quadratic form over F 2 n is equivalent over F 2 n to a form with one of the following shapes:
We are interested in particular in the geometrically integral quadric surfaces in P 3 F8 , which correspond to geometrically irreducible quadratic forms in at most four variables over F 8 . Their classification is as follows. We begin with the quadric XY +ZW = 0. This quadric is isomorphic to P 1 ×P 1 , as can be seen via the map
The inverse map is defined on coordinate patches, for example sending [X :
where the cyclic factor C 2 is generated by an automorphism interchanging the two copies of P 1 . Evidently each nontrivial one of these automorphisms yields a nontrivial element of PGL 4 (F 8 ) preserving XY + ZW = 0.
We turn next to the quadric XY = Z 2 . One may easily check that the map  To see the claim, notice that for an element x ∈ F 8 , the map sending where the last two rows are independent of the first two.
We now verify that we have indeed found all of the automorphisms of these quadrics.
• For XY + ZW , we have found 2 · ((8 2 − 1)(8 2 − 8)/7) 2 = 508032 automorphisms. This has index 68024320 in PGL 4 (F 8 ), which is therefore an upper bound on the size of the orbit of XY +ZW in the space of quadric surfaces. • It is easy to see that the form X 2 has orbit of size (8 4 − 1)/7 = 585 and XY has orbit of size (8
Finally, we note that 68024320 + 19131840 + 65931264 + 132860 + 585 + 170820 = 153391689 = (8 10 − 1)/7, precisely the number of quadric surfaces, and so we confirm that we have indeed found all the automorphisms of these quadrics.
3.2.
Reductions for XY + ZW . Observe that {XY + ZW = 0} ∼ = P 1 × P 1 is a ruled surface, and in particular that the set of F 8 -points of P 1 × P 1 may be written as the union of the nine lines {l} × P
, and as the union of the nine lines P
. Each of these lines on P 1 × P 1 maps to a line on {XY + ZW = 0}.
In the remainder of this subsection, we suppose that a cubic hypersurface P ⊂ P 3 F 8 intersects the quadric {XY + ZW = 0} in a smooth geometrically irreducible curve C with 27 F 8 -points.
If P intersected any of these lines on {XY + ZW = 0} in at least 4 points, then by Bézout's theorem the line would be contained in P , and consequently the line would be contained in the intersection P ∩ {XY + ZW = 0}. Therefore the curve C would be reducible, which we have assumed is not the case. We may therefore conclude that P intersects each of these lines in at most 3 points. However, since there are nine lines in each ruling, P must intersect each of these lines in exactly 3 points. Note that this argument yields a combinatorial proof that if the canonical embedding of a smooth curve of genus 4 over F 8 lies on {XY + ZW = 0}, then it cannot contain 28 points.
Write the F 8 -points of
We have seen that for each i there are exactly three j such that (l i , r j ) lies on P , and similarly for each j there are exactly three i. Suppose, after renumbering, that (l 0 , r 0 ), (l 0 , r 1 ), and (l 0 , r 2 ) all lie on P . We divide into two cases. First, suppose there exists i > 0 such that two of (l i , r 0 ), (l i , r 1 ), (l i , r 2 ) lie on P . After renumbering, we may assume may assume that (l i , r 0 ), (l i , r 1 ) lie on P , and we may select i = 0, i so that (l i , r 2 ) lies on P . Since PGL 2 (F 8 ) acts 3-transitively on P ) all lie on σ(P ). Therefore, without loss of generality, in this case we may assume that these six points lie on P . We refer to this as the 3, 2, 1-case.
Second, suppose that no such i exists. Without loss of generality, after renumbering we may assume that (l 1 , r 0 ), (l 2 , r 0 ), (l 3 , r 1 ), (l 4 , r 1 ), (l 5 , r 2 ), (l 6 , r 2 ) all lie on P . Then, by the pigeonhole principle, for some j > 2 there are 1 ≤ i, i ≤ 6 so that (l i , r j ) and (l i , r j ) lie on P . If {i, i } = {1, 2}, {3, 4}, or {5, 6}, we may suppose after renumbering that {i, i } = {1, 2}, and we are reduced to the case of the previous paragraph: namely (l 0 , r 0 ), (l 1 , r 0 ), (l 2 , r 0 ), (l 1 , r j ), (l 2 , r j ), and some (l 0 , r j ) lie on P , so after interchanging the two copies of P 1 and applying an element of Suppose that homogeneous cubic polynomial defining P is written c
We can now verify the following proposition. 
Proof. Recall that we map 
and that all the coefficients sum to 0. Moreover, we may assume that ([1 : 0], [1, 0] ), which in P 3 -coordinates is [1 : 0 : 0 : 0], does not lie on P . This implies that c X 3 = 0, so we may suppose without loss of generality that c X 3 = 1. Once again, by subtracting appropriate multiples of the quadric XY = ZW , we may suppose
intersects the quadric {XY = Z 2 } in a smooth geometrically irreducible curve C with 27 F 8 -points.
The . By an argument essentially the same as the pigeonhole argument in the previous subsection, we see that [0 : 0 : 0 : 1] cannot lie on P , while each of the nine lines intersects C in exactly 3 other F 8 -points. Note that once again we obtain an elementary proof that there cannot be 28 points on such a curve C lying on this quadric.
We remark that the collection of affine transformations of F 8 , i.e., the set of maps x → ex + f with f ∈ F 8 , e ∈ F × 8 , acts transitively on the set of 3-element subsets of F 8 . Notice that there are 56 affine transformations of F 8 and 56 3-element subsets of F 8 , so it suffices to prove that the stabilizer of the 3-element subset {0, 1, η} is trivial. (Recall that η is a chosen root of η 3 + η + 1 = 0.) This is easy to check. For example, the affine transformation swapping 0 and 1 is x → 1 − x, which does not fix η; and the affine transformation sending 0 to 1 and 1 to η is x → (η − 1)x + 1, which does not send η to 0.
Observe that each S z has size 3, and so there is a unique transformation x → e z x+f z mapping S z to {0, 1, η}. Since there are eight S z 's, by the pigeonhole principle some element e ∈ F 
Then σ preserves XY = Z 2 , and we have constructed σ so that σ(P ) contains the seven points 
Proof. We have seen that the under the hypothesis of the proposition, there exists such a hypersurface P containing the above seven points and not containing the ) on the nine curves, it follows that the conics in at least one of the blocks contain a total of at least 9 points of C. Permuting the blocks, we may assume that this block is {C 0 , C 1 , C ∞ }. Permuting the conics within the block, we may also assume that
Certainly we now have #(C ∞ ∩ P ) ≥ 3. Applying transformations of the form 
• at least one of [0 : 1 : η 2 : η −2 and [0 : 1 :
Proof. Subtracting appropriate multiples of the quadric, we may assume that c 
Computations

4.1.
Publicly available data. The programs we use, the data they produce, and documentation, are available on the web at http://www.math.mcgill.ca/∼dsavitt/curves/ and the longest of our computations took under two days to run.
Listing cubics.
The computations we perform are straightforward. We write a C program to perform arithmetic in F 8 , and then for each of our three quadrics, we simply cycle through all possibilities for the coefficients of homogeneous cubics in four variables subject to the conditions we are able to impose from propositions 3.1, 3.2, and 3.3. For each possible vector of coefficients, we count how many points of the quadric under consideration lie on the cubic. Each time the intersection contains exactly 27 points, the program prints the cubic polynomial in a format which is readable by the MAGMA computation package. In order to speed this up significantly, we store in advance the value of each cubic monomial evaluated at each F 8 -point of the quadric, so that to determine whether a point of the quadric lies on the cubic is simply a matter of evaluating a predetermined linear form in the coefficients. For the quadric X 2 + XY + Y 2 = ZW , we also add routines to check the final two conditions of proposition 3.3 and discard those cubics in violation of them.
In order to build redundancy into our computations, we write MAGMA routines which given a cubic will count the number of points of our quadric which lie on that cubic. Using these routines, we can confirm that our C programs are correctly counting the points on our cubics; indeed we can list the points on the cubic and check that the points we wish to force to lie on the cubic are really there. However, the streamlined C programs will be faster than the MAGMA routines, which is why we use the C program and not MAGMA for the computations.
Discarding cubics.
From the above computations, we obtain a long list of cubics whose F 8 -intersection with a particular quadric has size 27. If it is true that there are no smooth geometrically irreducible curves of genus 4 over F 8 with exactly 27 points, we expect that each of these intersections will be (geometrically) reducible. In order to test this, for each of these cubic-quadric pairs we use MAGMA to count the number of F 64 -points on their intersection. If the original curve were actually smooth and geometrically irreducible, then the number of F 64 -points will be one of the possibilities admitted by the Weil conjectures. If the original curve is reducible, then we expect the number of F 64 -points will be too large. Remark. It would be of interest to know whether the combinatorial arguments we have given which eliminate the possibility of 28 points on an irreducible curve of genus 4 over F 8 lying on XY = Z 2 or XY = ZW can be improved to eliminate the possibility of 27 points, or can be extended to curves lying on X 2 +XY +Y 2 = ZW .
Bad curves with 27 points
As explained above, in our computer search we find numerous examples where our cubic and our quadric intersect in exactly 27 F 8 -points. However, when we count the number of F 64 -points on the intersection, we find that the answer is always in the following list: 119, 181, 189, 191, 195, 197, 199, or 205 . Moreover, on the degenerate and the non-split non-degenerate quadrics, we only find examples with 189 and 191 F 64 -points. In this section, we explain why these are the only possibilities, and we list (along with examples) precisely the ways in which they can occur. This provides significant reassurance that our computer calculations are correct.
Preliminary lemmas.
For ease of reference, we note the following facts: Proof. Any component of our intersection which is a plane curve lies on a quadric, and so has degree at most 2. Therefore any cubic component has genus 0, any quartic component has genus at most 1, and any quintic component has genus at most 2. (See Figure 18 on page 354 of [Har] .) The Serre-Weil bounds on the number of points on curves of genus 0, 1, and 2 over F 8 are 9, 14, and 19 respectively. The first two of these bounds are met. The maximum number of points on a curve of genus 2 over F q was determined for all q by Serre (this is Théorème 4 in [Se2] , and may also be found as Proposition 1 in [GV] ). When q = 8, this bound is 18.
Lemma 5.3. If the intersection C of a cubic and a quadric in P 3
F8 has 27 F 8 -points but is not a smooth, geometrically irreducible curve of genus 4, then the intersection is geometrically reducible.
Proof. Assume that C is geometrically irreducible but singular. We will show that it cannot have 27 points. Since the intersection is not planar, the arithmetic genus is at most 4. (Again, see Figure 18 in [Har] .) Let C be the normalization of C. Then by the discussion in section IV.7 of [Se1] , the arithmetic genus of C is 4 − a where a is an integer between 1 and 4, and moreover the number of F 8 -points of C differs from the number of F 8 points by at most a. By the Weil conjectures, C may have at most 9 + 5 · (4 − a) + a = 29 − 4a ≤ 25 points.
Similarly, suppose C is a singular curve over F 8 of arithmetic genus 1. Then the normalization C has arithmetic genus 0, so has exactly 9 F 8 -points. The singularity of C must be an ordinary double-point, and the number of F 8 -points of C must be either 8 or 10, depending on whether the points of C lying over the singularity are defined over F 8 or F 64 respectively. In either case, the number of points of C over F 64 will be 64.
Finally, we note that the components of a geometrically reducible curve are permuted by Galois. In particular, if there is only one component of a curve over F 8 of a given degree, that component must be defined over F 8 .
Analysis of cases.
We saw in the previous section that any "bad" curve with 27 points must be geometrically reducible. We therefore organize our discussion around the possible lists of degrees for the geometric components of our bad curve.
At the outset, we remark that the quadric surface X 2 + XY + Y 2 + ZW = 0 contains no F 8 -lines. Moreover, every F 8 -line on the cone XY + Z 2 = 0 passes through the vertex of the cone, and in our computations we have specifically excluded the cubic surfaces which contain the vertex of the cone. Therefore, every case in which the bad curve contains an F 8 -line can arise only when the quadric surface under consideration is XY + ZW = 0, which is isomorphic to P 1 × P 1 . We recall that a curve of bidegree (a, b) in P 1 × P 1 has arithmetic genus (a − 1)(b − 1) and intersects a curve of bidegree (c, d) exactly ad + bc times.
Degrees (5, 1) . By the note at the end of the preceeding subsection, both components are defined over F 8 , and so this case can only be found on XY + ZW = 0. By the argument in 5.3, if the component of degree 5 is singular, it has at most 15 points; and since the component of degree 1 has only 9 points, this is too few points. Thus the component of degree 5 is nonsingular. By lemma 5.2, the component of degree 5 has at most 18 points, so to get a total of 27 F 8 -points must have exactly 18 points.
A genus 2 curve of degree 5 over F 8 with 18 points has "defect 1" in the terminology of [Lau2] , and the negatives of the Frobenius traces are either 5, 4 or 9/2 ± √ 5/2. By criterion (2.3) of [Lau2] , the former cannot occur. In the second case, one checks from the Weil conjectures that the number of F 64 -points of the curve is exactly 54.
An F 8 -line has 9 points, so the linear component and the component of degree 5 do not meet over F 8 . Since the components have bidegrees (3, 2) and (0, 1), and therefore intersect exactly 3 times over the algebraic closure, the two components cannot intersect over F 64 either. Consequently, in this case we should find exactly 65 + 54 = 119 F 64 -points on the bad curve.
Degrees (4, 2). By lemma 5.2, there could be at most 14 + 9 = 23 points on these components, so this case does not occur.
Degrees (3, 3) . If the two components are defined over F 8 , they have at most 9 F 8 -points by lemma 5.2; if they are not defined over F 8 , we draw the same conclusion from lemma 5.1. Either way, there are at most 18 points on these components, and so this case does not occur.
Degrees (4, 1, 1) . The two lines must be defined over F 8 , or else there are at most 14+1+1 points, so we may restrict attention to the quadric XY +ZW = 0. We note that the list of bidegrees must either be (3, 1), (0, 1), (0, 1), or (2, 2), (0, 1), (1, 0).
In the former case, all three components have arithmetic genus 0, so have 9 F 8 -points and must not intersect over F 8 . The components of bidegree (3, 1) and (0, 1) intersect three times over the algebraic closure, so if they do not intersect over F 8 then they cannot intersect over F 64 . Since two lines of bidegree (0, 1) never intersect, there must be a total of 3 · 65 = 195 points of intersection over F 64 .
In the latter case, the component of bidegree (2, 2) has arithmetic genus 1. The lines of bidegree (0, 1) and (1, 0) intersect once, and so have exactly 17 F 8 -points between them. Thus the curve of genus 1 must have at least 10 F 8 -points. We consider each possibility in turn, recalling that a singular curve of arithmetic genus 1 has at most 10 F 8 -points. Note that by Honda-Tate theory, a curve of genus 1 over F 8 does not have 11 points. (See Theorem 4.1 of [Wat] .)
• If the curve of genus 1 has 10 points and is non-singular, then it has 80 points over F 64 . It does not meet either line over F 8 , but must meet them each in a pair of conjugate points over F 64 . These intersection points are different for each line, as the two lines are distinct. Since the lines intersect once, the total number of F 64 -points must be 65 + 65 + 80 − 5 = 205.
• If the curve of genus 1 has 10 points and is singular, then it has 64 points over F 64 . The rest of our analysis in the previous case remains the same, and so the total number of F 64 -points must be 65 + 65 + 64 − 5 = 189.
• If the curve of genus 1 has 12 points, then it has 72 points over F 64 .
The elliptic curve must have two points of intersection with the lines over F 8 , and so depending on the intersection geometry may have either 2 or 4 points of intersection with the lines over F 64 . The total number of F 64 points is either 129+72−2 = 199 (if the elliptic curve intersects each line at a double-point, or else has a double-point with one line at the intersection of the two lines and meets the other line singly there and at one other point) or 129 + 72 − 4 = 197 (if the elliptic curve intersects both lines in two distinct F 8 -points).
• If the curve of genus 1 has 13 points, then it has 65 points over F 64 and must intersect the two lines in three points over F 8 . The only way this is possible is to pass through the point of intersection of the two lines, and to meet each line once more over F 8 . Then the total number of points over F 64 is 129 + 65 − 3 = 191.
• If the curve of genus 1 has 14 points, then it has 56 points over F 64 and has four distinct points of F 8 -intersection with the lines. The total number of points over F 64 is then 129 + 56 − 4 = 181.
Degrees (3, 2, 1). All must be defined over F 8 , and so can occur only in the XY + ZW = 0 case. Each component would have 9 points, but the component of bidegree (1, 1) must meet the linear component, so we cannot reach as many as 27 F 8 -points.
Degrees (2, 2, 2). All must be defined over F 8 , or else we have at most 9+4+4 < 27 F 8 -points. Each component has 9 points, and is the intersection of a plane with our quadric. Hence any two of the components intersect in 2 points over F 64 , and so have 128 F 64 -points between them. The third component has either 65 − 2 or 65 − 4 points not on either of the first two, and so there are either 189 or 191 F 64 -points in total. Note that this is the only case in which we are not limited to the split non-degenerate quadric.
Degrees (3, 1, 1, 1) . If the lines are not all defined over F 8 , then there are at most 9 + 9 + 1 + 1 < 27 points. The bidegrees must be (1, 2), (1, 0), (1, 0), (0, 1) and so there are at most 7 points of intersection between the components. Then there are at least 36 − 7 > 27 F 8 -points, which is too many, and so this case cannot occur.
Degrees (2, 2, 1, 1). Again, every component must be defined over F 8 , and the bidegrees are (1, 1), (1, 1), (0, 1), (1, 0). Once again there are too many points.
Degrees (2, 1, 1, 1, 1) . At least two of the lines must be defined over F 8 . So, if not all of the lines are defined over F 8 , then precisely two are not. The two lines not defined over F 8 would either both have bidegree (1, 0) or both have bidegree (0, 1), and so would not meet; therefore they could not contain any F 8 -points, as the lines are Galois-conjugate and any F 8 -points on them would lie in their intersection. Therefore, since the curve of bidegree (1, 1) intersects the two F 8 -lines, the configuration could contain at most 27 − 2 = 25 F 8 -points. On the other hand, if all the lines are defined over F 8 , there are far too many F 7 -points. So this case cannot occur.
Degrees (1, 1, 1, 1, 1, 1) . If four of the lines are defined over F 8 , then there are too many points; and if there are only two, then there are too few points. However, it is possible that the three lines of (say) bidegree (1, 0) could be defined over F 8 , while the three lines of bidegree (0, 1) could be defined over F 512 . Then over F 64 there would be exactly 3 · 65 = 195 points.
To summarize: on any of the quadrics, our bad curve may decompose into three plane quadric curves over F 8 . In this case there are either 189 or 191 F 64 -points on the bad curve. This is the only possibility on the degenerate and non-split non-degenerate quadrics. In the split non-degenerate case, we have the following additional possibilities:
• The bad curve has two components, both defined over F 8 , one of bidegree (3, 2) and one of bidegree (0, 1 such that β 9 = η. Each intersection described below has exactly 27 points over F 8 .
• The intersection of XY + ZW = 0 with the cubic • The intersection of XY + ZW = 0 with the cubic The zeta function of a curve over F q is defined as a power series, but it is known that it is a rational function, and can be written in the form h(t) (1 − t)(1 − qt) ,
is a polynomial with coefficients in Z, and α i andᾱ i are algebraic integers with complex absolute value √ q. We say that a curve has zeta function of type (
.., g. Define the polynomial P (t):
and the set F k :
The m + 1 − x i are totally positive algebraic integers, so if
A.3. Defect 3. Using the method of Smyth as explained in [3] or Section 2 of [2], we restrict the possibilities for the type of the zeta function for defect 3 curves by making a list of the possibilities for the irreducible factors of the polynomials P (t).
The possibilities are divided into four types given in the following four tables.
• Type 1 is an irreducible polynomial of defect 3 and the rest of the factors are made up of defect 0 polynomials. For k = 0, the defect 0 polynomial is P (t) = (t − 1), so the x i corresponding to this factor is x i = m. • Type 2 is an irreducible polynomial of defect 2 combined with the defect 1 polynomial (t − 2) and copies of the defect 0 polynomial (t − 1). • Type 3 is an irreducible polynomial of defect 2 combined with the defect 1 polynomial (t 2 − 3t + 1) and copies of the defect 0 polynomial (t − 1).
• Type 4 consists of the four possible combinations of the two defect 1 polynomials with the rest of the factors equal to the defect 0 polynomial (t − 1).
For each pair (q, g),there could be a number of reasons why an entry in the above tables does not correspond to the zeta function of a curve.
Using the following three reasons from Section 2 of [2] we can eliminate many of the entries from the tables.
(2.1) The absolute value of each x i must be less than 2 √ q.
2) The number of places of degree d on a curve is non-negative. (2.
3) The numerator of the zeta function of a curve is not decomposable. Proof. The proof is similar to the proof of proposition A.2 above.
Remark. Similar bounds on the genus can be obtained for entries #5,7,12,16. Since an elliptic curve with trace 2 does not exist over F 8 , an abelian variety over F 8 of type (5, 5, 5, 2) does not exist either.
Theorem A.5 was presented at the Journées Arithmétiques in Rome in July, 1999, and at the Arizona Winter School in March, 2000.
